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(CALWLUS - AND  LINEAR ALGEBRA

MODULE - 01
| POLAR CURVES AND EVBLUATES
i Intvoduction :-

Let X be +he iniol line. ow
mtial oy , there g ony  polnt
on the plone  p(e,e) with +he

Padivs of Vector OP:=r+ @ond |
IXOP = 5 ond p:f(p) be o
| | ©
- polar  curve gt e point 0(0,0)

r= £(0)
P(%¥,8)

—> X

P (r,®) Here | the Coordinates of P is called ag
the Polar Coordinafes. -

A. ANGLE BETWEEN RADIUS VECTOR pnp
TANGENT TO THE POLAR CURVE

Let B_f' be +the intal line P(r,8) be o

pomt in the plane ond BP: v be e

\
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radivs of Vector oand Let vsf(e)
be o polar Curve ot +he point

PLT pe  the tongent 1o the
Curve vr:=f(®) ot P ond making
omg\e with  +he ptinl line Y 0(0,0) N\ ’;

let ¢ be  4he omgle  between vodivs of

Veckor  omd ,’ccmgent ‘o the Curve v:-£(8)
at P

W.k.T
Y- 0¢+0
D ton¥ : tan (H+8)
ton ¥ = tan® + tdha )™ O

l- tonp tonso
als0 W.K.T  The Slope of +the tangent T

is m = tan'¥ = dY — (2
.odn

et % -rcose and y= rsing
dinff—eren{:fod:e' A ond y w ¢ t 8 . }

d% = df cose - r %ing

de . de | |

|

dY = dr Qine + rcose |

d® de " |

@ = tomW=4dy dy/ge ‘
d* I /de
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p——————

dt/de Sin® + rCose

=) tcmll":
. dr/de Cos® - r Sind
E‘crr‘éSIne rse
-@n— (080 _@LCOSG
_ de d®e -
l - * SinB
d* ose
de .
= ¥ = tone trde /' rde Lang
dr \ _5_\:
:ccmé + tandd  tone + rde
| I = ton @ tom® B v
| | | - *d8 tomp
| y
| tangp = rde
dp
| ® = ton'rde
o
| Intermg of | Cot = A, an
I v _(E
|

B. ﬁI}liG,_l:E BETWEEN TWO POLAR CURVES

! LEt L & =‘F|Le) y 0= 'F.)_(.g] be '\Jﬂe P {'\|L8}

| the tangents T, and T, ond
. ™Moking on  amgles of vadius
i Of Vector ¢, omd ¢, +hen
 the omge between +he el J'r. w
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given two polar  rves -is the dﬁg\ew ;
between there two Jcomgen\: _ \93.,_- cpl\' |

WITH USUAL  NOTATION

| I PRDVE THAT |
< = 1 4 T o |
e T () | |
|

Let oX be 4ne intia] , "=f(®

H“Q r=Ff (@) be Q PO\QY‘

wrve ot Plr,e) ognd -
OP=r be 4he V;ad'ius
of  Vector | , 0lo.0)

let T be 4he JCQT\%QW\: to g

the Qurye r=f(®) . M P and Mizs M
the  foot  of +he 1™ of +the pole
o(o,0) having +he perpendicular  distance
OM =p Sfrom the AOPM We hoave |OMP -qu

Siﬂ(p = 9_\\_4-
oP

= Sing = P
r

= Lp:rS‘mgS — O
Square .on - both | Sides
= P*:z r;‘lSin"gé | 3 |

= - | | |

re int B

4
pt
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I. Find  the oangle between e
ond  tangent  for the following

® r= a(1-wse)
Qiven |,
= a(i- Wse) —— ()

differenbiote () w.r.t .8

d€ - alo+ g
_— = S
40 mB)

dr .
— = 08
5 nod

dr . g Sing

w e
4% % {i- (ose)

=> C_O't¢ = S‘\T\B :

(1- (os®)

1
v

radivs vector

polar Corves. |
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= tp = Sin By LsB/y

8 Sin*9k.
= Wt - (ote, 'y
)Qj = e/q,\
When, ©= T
3
= 1/
)
QS" .IL = .
A/

@ r: o (\ + Coss)

Given
r:a (1t Cos®l —— ()

differentiote O w.v.t. o

3t . o (0- Sin®)
de
dr  _ o (- Sing)
de
L de . -0.Snd
¢ de - v
0 ci\r_'_ " "(l.S'lﬂe’.
‘4 o (14 (0SB)
-\-\-’-‘- .‘X = -S\n ©
do (\+ (0SO)

Lodr L. 25n 9 o8/
Q Cos? S/s
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=) (ot ¢ = - tan

= (ot ¢ = Cot (Mo +8)q)

=T 10
¢a E)

/

® r: o (I +Sing)

§iven

rz0o0Cl4+Sing) — ©

differentiate @ w.p. + g

® = de . a (Q+ (ose)
d®
= dr = Q00se
de
= 1 dr : 0.C088
¥ de 3
”
5 A o\ TS
= Ctd = cose
I+ Sine
= Gt - (g2 o/, -Sintp/,

1

Cos™ 6/, +S\n?O/q + ASIN Bfq 08By

(Cos 8/ +Sin®y) ( Cost/y - Sin &)

(Cos &2 +Singy)?

COSB/'L = S‘lne/‘l
(0$©/y + Sin©/

4

Scanned by CamScanner



|
I .

®.

| - tam ©/q

| + Sin®/, /LDS;%

| - tan B/

| + tan By

tan () - tan (©), )
L+ tom (Ty) tan [ 8/4)

n

= t ¢ - tam (
=) Lt ¢ - Cot[

Show  that the. %\\Dminq pairs of Curves

Intersect each  other orthoqorm&.

P= o1+ SB) , r = bl - (osd)

Qiven
t=a Cl+tlose) — ()

differenfiate @ w.¥v. t. O

d!, - —ASind®
do

L dr = -Qsing
¥ de "
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= (ot 951 = - QA8in®
o (V¥ Cosp

=2 (ot ¢, = -Sinb
| +C080

- 2Sin 8/9 Cos9/q |
Q 0s26/y
= (ot ¢, = - ton S/
" L)
Cok @ Cot k'f -Li_\

O, - T 18 |
Simi\mrllg dl-FFeren’c\u\:e @ w-r. £.0
f
ar - b SinG |
de |
= L1 dr = bSinb ;
. r de ¢
b (\- (osB)
=> CD"Cng_ = ,_S_m_
|- CoSB
= ot ¢, = 2SN, (os9/s
- 2ASint 8/
. Cot (}b-)_'—' e/i

b= | T2-8 T/

the Given (Qurveg are m%ersec.hng Oﬁhogo

|
|

- Y\G\\\\J.

5
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@ v:-a(u +Sing) , r-0(1-8ind)
Given

al | + Sing) —— ()

differentiate O w.v. t. o

n

n

Q’i‘ = o, (ose
do

4L dr . aCose
¥ de r

= i¢, = a (oss
a (1 +SinB)
=) (-0“(¢\ " COSB
(1 +ginB)
(0s™ ©/y - Simt B/
Cog? O/ 4 gin-

= Gt ¢,

9% +2Sin ¥, Cos8y

L6} \ ™

> 97 Sin 84
Cos B4 4 Sin By
= = fom %

e
b T 4g
%\T’m\m\\g differentia ke @ w. r.t.86
® aci_;_ = - Q Cosg
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= - - alose

a(1-Sin0o)

A dv
r e

=) Gt ¢, - - | By -Sintefy
(Cos ©/y, - Sin 9/2_)2

=2 ot ¢, = - (os ©/y %—Sine/&]
| (059/9. -SinB/y
= -1+ tan®/n
L |- \:Cme/;l
= - 'Hl'ﬂ{ﬂ"/q, +e/21
Cot ¢, -

Cot [T\‘+Tl‘ +e)"J

I
b0~y | ]u+_g.1g~-x-a—}-g,/

. The Given Curves  are m’t&TSQLJdng O”aJrhogonGJ(lj

e " "( tosne) | = B (gin ny)
Qiven

™= a" (osn®) — @
differentiake ) w « t ©

\
2 e dr -0 (Sin no)

de
n
= X QL = —Q“S‘\T\ noe
¥  de
= . dr - -a" 3inn®
Y de ph

6
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ot B, = -0 Sinne
Q™ (os ne
(0t q_'), = - ktame
ot @, = (o (_%' rne)
¢| - % + ne

S"\mﬂq’rl\u d\{i@ﬁmn‘d(ﬂ:e_ @ Ww. 7.t ©

@

= ™ e

d®e

= ¥ dy
Y de

ar

-—
— -

de

5|

= B nlose

P (osne

b cos ne
Y‘h

= kP, = b cogne

rn

C.Ot ¢1_= CO“:T\.Q

¢y = MO

o -y - I%L-\-ne-ne\ =_W/‘l//

te Given

auyves Qe iﬂ’cesec_\ﬂng OT’ChDS(JmU

J’I’_.E’md +the omg\e between The Qiven pairs

of  Corves,
O v-

Curves ,
SNB + tose
Given :-

¥: Sin® 4 Cose

ond Y= QSing

— 0

f

y

|
J
|
|
|
}

|
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= ASine —

differenfiate  equaion (@) w. v. £.8

@ =y dr .
= = (0SO -Sind
do ‘

¥ - (0se-Sind

Y de v
=y -l‘; dr - (0s® -Sind
4®  “Sine + cosp
= 1- tan®
{4+ tan®
= tan (M) -tan B
ton (/1) + tame

= Wt kan (M - 8)

= Coth, = Cot (W/i-[ﬂm-eﬂ

= 5{)1 =g-%+e

\

do
= Lde - 2AlosH
v do v
=) 0\
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[l | T-Tre-o

.::) ‘¢l-§b1 = Tr‘-l-//
The Qiven paivs of (urves ore. cherseLhng ot

[uSJ |

@) r\=o.loge and r=Q - ~
log © |

Given
¥ & &1099 ~—% (1}

rz_(}._. ---*,@

109®
differenthiate tquation D -omd @ w.v. t. B

® —>ch' :(1(__)

:ﬁ g_r A 9_
do© 5]
=3 -d_e- .
day o
D vde . y©
dr o
= tang - (o loge)®

=t ¢, e loge —> ()
't differentiate. equah'on ®» w.v.toe
® dV log© +.__ =5 |
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:7 1089 gr_ = '_l_: =0
S|

de

=>_l__ d_T_ - -

C de eloge
= vde | - ©loge

dr

=4 tang, = ~©loge — @
W. K.T
tan (P-9,) = tan @, - tang,

I + tan, tang,

=2 tanl b, -Pq) = 61099 19 log®
| + (Bloge) (-eloge)

=yt (6 -,) . o © loge

|- o> (loge)r * ©
from  equation (1) ond @
alog® = a |
l09© |
=y (log@)r. | i
= log 0 © = | |
|
N0z e'ze |
® = ton ($,-¢.) = e
o

N)l "Sb | = tan! e\ =X
L l_eq_) = ta’CC\Y'\ e,//
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. The Givn  two Cuvwes or. paty  of Curves
ore  inkrsecing ot @tan’e |

@ r*Ginge:=14 and r:. 6 Sin 29
Given
P 8ingd:h — @ — = u_
rLlesine — e 0000 SMad
from eguation D and @

A
Sne e

=Y I Sinty@ - |

= Sin19@ - I
H :

b Sinyd

=y Sinae - 1
Ly
0

|
= 28 = Sin' (1)

=) 3inge -

> 28 =T
6

=) ) :1
1

differentiake  equolion @ ond @ w.r.t. 6

O = av%% Sin2® +r¢ (ps(ae). 2 :-0

= Y%\.’_B . SN1B T ¢:-Cosye - O

= rdr . Singg = - |
508 = €]
by h SA0

Scanned by CamScanner

1
|




@ t= A(l- Coge)

= ot ¢, = wt (-1e)

= ?S\:"?—e
@ = ar.gr . 16 (058 ©)(3)
de
=) rdr
de

=5 dy
Y‘ de

= b (05920

- b (0820
vl

A ot ¢, = b Cosap
16 Sin L0

:7 (.Dt' @9_ = (ot 0
= $, 96
l Vﬁ! ) Sb‘z.l

i |(b|"qs1,l z l-l-(—;%) ____TI y

. The Give  pair of Luwes are. nkersecting

ot I
3

qiven,

r« o(i- tose) — Q)

= -2 -aB|=pe

and ¢ = 90 Cose

i
I
o
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= a.Cose — ©®

differentiate,
O = & | 4 otsing
7 de = aSino
do
=3 "t‘:" él' = QO S\T\_B
2 v
=2 _\F d_l = aSine
°  a(l-cose)
=

= ot ®, = A8Ino/, Cos Oy

A Sin* Bfq
= Cﬂ‘t(bt 5 W0SO/y
Sin ©f¢
:> CD"C@IZCOJCBI/Z
L
i @ d w. r.t g
dr . -3aSine
de
=> L dr - - gaSing
e 0. (os g
==y _L d._t .
r g8 ° tom e

Pquation ) and @ w.r.t .8

¢|: e/?.
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—— e
= (ot ¢1 = - tqne

T ot b, - ot (TUy +8)

\¢)\-¢q_\ :\%—L’\? _g\.
\(bl'(pa.\:\g—. -\-_e{\

| rom @ and @
| a (1~ Wwso) = Q atose
= (1~ s0) = 3(eso

= (1-se) -9 tage
= 3os e =| |

» wse = /3

< o =tos™ (VY3)

B TR st ()]

S, The. GQiven  two  Curves or ‘po[\r of Curwg
ave. intersecting ot | mpy 4oy s’ (13) |

® r- a il =4
| + Coge - COSH

|

‘ Given,

| or {1+ osB) = ——

} |+ oS e I=a 0,

|

b —_r—

[0
Scanned by CamScanner



(1+ s dr -t Sing =0

de
=) -:7 dr . Sing
d® Y (osg
= (ot Sﬁs - ‘i.SinWs_(oSW% |
QAWos™® Oy

= Gt ¢ - tan 8/,
=y Wt @ = ot (Ma-94)

931 = (“/1 = 6/7_)
SimilaTltj differentiate @ w. f-t.e |
o o

a oY  Y(I- : : | |
1- (0SB (-wse) b — @) | |

~N — dr . -Snd |
=Y = = =-ot ©
£ de |- 0S8 o /2
5 Gt 56'2. = = _@.

Clfo$) - eTeg| .x
Q

The  Given  paiv  of Qurves ar  interseqy

-ing ot the angle  of T op.qp-
9

. Find the _-pe_d(l\* e%mﬁon for +the

Fo\lom‘ing polar  Curves.
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O r - Qeeu)t{
Lﬁts
_ 8ot L
~N = Qe : (D

® (’-CLU&JﬁOh differentiate  w.r. . 0

® = dr . ®lotL
de - G.-Q. . C.Dtcc

= dr . © (ot d
—_— - Q
- e (o cot {) .

= |\ dr - (O.Lote()eemt{
r de -
= (otp = (atotd) P
QaeLot-[
=7 Wt $ = ot
= ¢ =L
w- K. T = +he  pedal equabion
P= ¢ Sin¢
L—-—) P= S‘mo(,J
PR o pNEDENE

Qiven ,

"

" o gneosnd 0

O equalion differentoke w. r. ¢ .8

® D ™ dr &nL—Sinne)n

de
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= _'Ij (,ii. - “&1\'5'\1‘\“6
¥ d9

=N\ dr . -gnSinn®
T de -

W- K.-T The pedal e.quu_’dcm

] 2
- -;(Hwt ﬁﬁ)-'
2 A, s _\_. - '
o - [l + tan ne]
= L = 1 Secing
P'). T'L
= | = \

pt Y (082N B
= pr:= Y- Os'NnO

— P:’TQDSTLG
peend s n ..
7 e (0

= p: A4
0_1\

@ Q@ .|+ (0B
r

S——
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Qiven .

* o

2 : | +Wse or Qa. = () '
: (1+ose) =3 [

@ equation diffeventiote w. .t e

®= (ttwse) dr 4 v(-sme) = O
doe
= U4 0se) dv

-Y Sing = 0
Y d | I+LDSB
=) Lt ¢ = 9Sin By (pe 6/
Aos © /4

=1 ot = tam &/
W.K. T The pedal equotion

L - LAC Lot §)
= # A _T|__1 (1 + tan®9/q)
= é‘l = ,.%L (Sec* ©fy)
= L oL

p? rtos* 0/
= P* =Y (0s? Bfy

= p2: 11( U-;ose)

=Y apl': A (_ |+ QDSB)

SEE——}

|
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==
3 3pr = ™ (_Q.) | G

I

L=3 p* = QTW | )

W em g [Cque + SN MO)
Qiven - ' ' '
r™M - a™ (Losme +SinmB) —— ()

M differentate w. Y. t. B

@,___3 m“fm'l é—_r_:am

= [:Sinme'tm)+m5me(m)]

= m '
. dr . a™ (osme -Sinmse)
¥ de :

r'ﬂ\

=1 tp - o™ (SMS - Sinymd)

a™ (wsmO + Sinms)

> wtp = (emd - Ynmo
osm© + Sinme

| + (.D'tq-¢ = | 4 (_LOSmB—Si-nme)‘L

(losme + Sinm 9)1.__-

= | + (Dtn(p = (oS .
(Losme tSINmMe)* 4 ((osmng - Sinme)
(LosmB + Sinme)?

= L+ Wt - alwsime + Qi

(Y“‘ 2
0*“)

me)
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> 0 ]

®%= | + ¢0se

Given,
JE S G elos® — ()
i

d"F‘F@T‘thO.%Q w r t 0

=
O = (1 +ewse) dr +r(0-eSinB) = 0

= | + e (ose dr

= YeSimp
de
= 1 dr 2Sin®
e T = = (ot
* de | +eCos8 ¢
I+ Gt ¢ = | + etsinte
(I + €los®)?
= (' teCose)* + e* Qi g °
(I +ewso)?
. 11 20088 + 2WOSB+ e Sintg -
(1 + elosE)2 O

b

S
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I + Qe st +e2(n o

(1 +ews0 )
* 1 4+ Qe (oSO + et
(1 + elos©)
N 1+ Wt = | e +3[L_|)
- Y
(/e )t
= Lt et 49l g
o r
j."/r'l.
e* + 3% -
r
P/r'.'.
P Yot er(er s g0
J_‘L

—the pedal equntion

[
s o L+ ot g)

—FJ; 2 ‘?1 Lt (9_’- tads -|
JX

= -I—-- e-l'\"ap./r--l
P‘L
Lt /

Radius  of orvature ‘
Genevally  +he  Cuvvotue of any  Wrwe

Con be  denmoted by 'k’ and e Tecipvocal
of the Curvabure  will e Colled 0SS +he

radivs  of  wrvabtue and it Wil be denoted

\

—

e
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Qs ,

?:

Note :-
. ¥he vadius of Curvabure Con e evaluated in

the  (artisian form by ine £l owing formala.

A
K

) LR ‘
? = (_l '\'gl \ * 1 (31 #D
Ye
where ljfd_UL » Yo = d'Y ok an ointk P
dw dyr LJ P

In other way p = U A Pl 1. %0
i By

.Y}

where  w =dw y dx .
—-— = QX okt -an mt P
dy : dy* Y G

2. The vadivs of GQovobuwre for  the  polay
urwe.  con  be  evaluoked s, |

? =rdr , where F (puvi0) 15 44
: ¥ 'S the  pedal
equo.fion.

v
. Find +he vadius of Quxvalure of  the curve
Y = o log (Sec ((/a)) at amy point

Qiven ,
y = a log ( Sec UL[CL))

|
| |
differenticte © w. v .t . l

S Y 0o L o) . |
® &?tl = Sec. (W) See (o] tam fa) - Vo l’
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=7%=‘cqnﬁ'ifa}=g. —@® |

differentiacte @ w.r.t.x
@ = %:;9 = Sec* (_1[0.] Aa
1'1.

=7 Yy = A L L gt (Ma)
dr &

"« W KT
= (1 ryn)3h
0
= 9= [t 4+ tonr(Ma))
Va. Sec*(V/a)
= = o (sec? (M/a))3
Sec? (1/a)

3/q

!

=2 9 2 o Sec’(Ma)
Sect (V/a)

| ? = @ Sec (M/a)

2. Find the ~adivs of +he wrvaluve of
the Wrve % +y3 = 3axy ot +he polnt
P(3afy ,304),

Qiven
x4 y? =3axy — ()

difforenote W ~ t

@ =2 3 ¢ 3
¥'dY - a3a (1. X
d» ( Jt —331]
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- g
D 4 Yy, = a(y +1y,)

- L
= 1 % Y'Yi= oy -ary, = o

= Y- oy, + (W -ay) = 0
¥ a0y, + (-0 o
= \Yr-atly, = ay-xe

':‘.) ‘j‘ = Q\J._-l'l.
Y2 -ax

g alm) (s (@) a(e)

2

differenbake. ® w.7v.t %

%) (=2

dvr
* (H'L_Q-ﬂ?.

@ = y,= &Y | (an) (ay,-an) - (ay-x2) (yy,-a)

———— e, ¥

(%) |

15
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Yo = __(-E_C_"_BX,_—l—é = "3
qat 3a

?=/y+qm%§_ J uu-n‘)”"‘)

L

Us + B

"_') ? z ‘aah-
33/3&
7P . a.alya,
33

= 9. 3{a
|6

=3 ?: 5@&
B X3 X\

=y
22

@ Find  fhe vadius of ovalure of the wove
oy = 1-a®  ob the pomt  where the  Cuvve

weets at  1-axis

Qiven  Cuywe aty =1 o' and  dhe  Cutve
meet the ‘ P
ox\S abt  the Po\ at Poand its

Y (ovdina¥e  becowes 3evo.
the  ~vequived pint  Pla, o)
differenbat®  equabion w v ¢ «

e e e &

aty = 1- @ —> () ]

-“’_____.—— e "
iy
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d'\ﬂ&wﬂt{o,\:e @ w-.-T £t 1

@?—5911@:3

dn al

UJ'L) =
" FO

P - ) (1-y)3l
Ya
P (v @ra))

3/0_’- -
=) P o= (14 u/Qq)3/2
3/0_3

oL"'(OFN 32
> ¢ - a )
B

—
—

a* (a* +u)3h

= P - >
N

. ?: '(0.1 _‘_u_)?J/‘Z
= ”
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—""/

e ————— R e e I
@- Find +He ~adius of the Curvatwre of the

Curve QQUJ = W - o? and Tneets at L oxiS:

differentiote. w ¥ t
O = Ay, =3 5 O

oY
o= 5 ©®

ot
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